ESCAPE RATE AND HAUSDORFF MEASURE FOR 
ENTIRE FUNCTIONS 

WALTER BERGWEILER AND JORN PETER 

Abstract. The escaping set of an entire function is the set of 
CNJ ' points that tend to infinity under iteration. We consider subsets 

of the escaping set defined in terms of escape rates and obtain 
upper and lower bounds for the Hausdorff measure of these sets 
with respect to certain gauge functions. 
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1. Introduction and results 



The escaping set I{f) of a non-linear and non-constant entire func- 
tion / consists of all points in the complex plane C which tend to 
oo under iteration of /. The Julia set J{f) is the subset of C where 
"^ ■ the iterates fail to be normal. By a result of Eremenko [13] we have 

^ ! Jif) = dl{f). For an introduction to the dynamics of entire functions 

we refer to [5J. 

Considerable attention has been paid to the Hausdorff dimension and 
^ ■ Hausdorff measures of these sets; see [37] for a survey. We denote the 

(^ ! Hausdorff dimension of a subset A of C by dim A and the Hausdorff 

0\ [ measure of A with respect to a gauge function h by Hh{A); see section |2] 

for these definitions and some discussion of them. 

The first results on the Hausdorff dimension of Julia sets of tran- 
Q ! scendental entire functions are due to McMullen who proved [T9l The- 

(N ; orem 1.2] that dim J(Ae^) = 2 for A G C, A ^ 0. He notes [HI p. 336] 

that Hh{J{Xe^)) = oo if h(t) = t^ log log . . . log(l/t), for any number of 
logarithms. A refinement of this result is given in [21] . McMullen actu- 
^ ! ally showed that dim J(Ae^) = 2 and then noted that /(Ae^) C J(Ae^). 

McMullen's results initiated a large body of research on Hausdorff 
dimension and measure of Juha sets and escaping sets; see the survey 
[37] as well as more recent results in[3lll[9l[22l|25l[28l[33]. Most of 
these results, exceptions being [H [33], have been concerned with the 
Eremenko- Lyubich class B which consists of all transcendental entire 
functions / for which the set sing(/^^) of singularities of the inverse of / 
is bounded. We note that sing(/~^) coincides with the set of critical and 
finite asymptotic values of /. For f{z) = Ae^ we have sing(/~^) = {0} 
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and thus f & B. Eremenko and Lyubich P^ Theorem 1] proved that 
if / G 5, then /(/) C J(/) and thus J(/) = J(J). 

Baker [2] showed that if / is transcendental entire, not necessarily 
in the Eremenko-Lyubich class, then J{f) contains continua. Rippon 
and Stallard [2S] proved that /(/) also contains continua. In fact, they 
showed [311 Theorem 1.3] that /(/) fl J{f) contains continua. It fol- 
lows that dimJ(/) > 1 and dim/(/) > 1 for every transcendental 
entire function /. Bishop [llj has recently constructed an entire tran- 
scendental function / satisfying dimJ(/) = 1. On the other hand, 
Stallard ([35], see also [4J and [10, Theorem 1.5]) proved that if / G -B, 
then dim J(/) > 1. Moreover, she showed [36] that for each d G (1,2] 
there exists a function f E B such that dim J{f) = dim/(/) = d. 

In contrast to Stallard's result that dim J(/) > 1 for / G -B, Rempe 
and Stallard f2E\ showed that there exists a function f E B with 
dim/(/) = 1. Thus Hh{I{f)) = if h{t) = t^+' with e > 0. 

In recent studies of the escaping set, several subsets of the escaping 
set defined in terms of escape rates have turned out to be important; 
see, e.g., [301 [31]. For example, the key idea in the proof in pQ] that /(/) 
has at least one unbounded component was to consider a subset A{f) 
of /(/) which, roughly speaking, consists of all points tending to oo at 
the fastest rate compatible with the growth of /. This set A{f), now 
called the fast escaping set, was introduced in |7j to study a problem 
concerning permutability. It is shown in [22] that all components of 
A{f) are unbounded continua. In contrast, the set /(/) \ A{f) need 
not contain continua. In fact, if f{z) = Xe^ with < A < 1/e, then 
/(/) \ A{f) is totally disconnected; cf. [12 HH EI] . Theorem [U below 
implies that dim(J(/) \ A{f)) > 1 for / G S. 

For a sequence (p„) of positive real numbers tending to oo we denote 
by Esc(/, (pn)) the set of all z G /(/) such that |/'^(2)| < Pn for all 
large n. We prove that Hh(Esc{f, (pn))) = oo ii h{t) tends to slower 
than the functions t i— t- i^+^. 

Theorem 1. Let f E B and let h be a gauge function satisfying 

limi^ = l. (1.1) 

t->o logt 

Let {pn) be a sequence of positive real numbers tending to oo. Then 

/f,(Esc(/, (p„))) = oo. 

In particular, Hh{I{f)) = oo and dimEsc(/, (Pn)) > 1- 

In contrast to TheoremlH we show that the set of points which escape 
with a definitive speed (in particular the fast escaping set) can have 
zero if/i-measure for certain gauge functions satisfying (II. ip . 

To formulate the result, let again (p„) be a real sequence tending 
to oo and let Unb(/, (pn)) be the set of all 2; G C such that |/"(-2)| > Pn 
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for infinitely many n. Thus 

Esc(/,(p„)) = J(/)\Unb(/,(p„)). 

Note that points in Unb(/, (p„)) have unbounded orbits, but need not 
be in /(/). 

Theorem 2. Let {pn) be a real sequence tending to oo and let h be a 
gauge function satisfying 

liniM = o. (1.2) 

Then there exists f E B such that 

H^{\Jnh{f, (p„))) = 0. 

Note that (11.21) cannot be weakened since A{f) contains continua [29] . 
Similarly, (II. ip cannot be weakened by [28] . 

There exist gauge functions h satisfying both (II. ip and (II. 2p . Thus 
Theorem [1] and Theorem [2] imply that the set of slow escaping points 
can be larger (from a measure-theoretic point of view) than the fast 
escaping set. This is in contrast to the situation for the functions Ae^ 
where the fast escaping set is larger [T^. 

We describe the idea of the proof of Theorem [TJ An important in- 
gredient is a result of Barahski, Karpihska and Zdunik |1] saying that 
the hyperbolic dimension of the Julia set of a transcendental meromor- 
phic function with a logarithmic tract is strictly greater than 1. In 
the proof the authors construct iterated function schemes consisting of 
inverse branches of the second iterate of F which map a certain square 
S into itself. Here F is a function obtained from / by a logarithmic 
change of variable (cf. section [3]). As the result is stated in |1] not quite 
in the form we need, we formulate a version of it as Lemma 13.41 below; 
cf . the remark at the end of section H] for the difference to [1] . For the 
convenience of the reader we also include the proof. 

We will take a suitable sequence (5*^) of such squares tending to 
infinity and obtain a subset of Esc(/, (pn)) by considering points in 5*1 
which stay in 5*1 under many iterations of F"^, are then mapped to 5*2, 
stay there for many iterations of F^, and so forth. 

In order to estimate the Hausdorff measure of the set obtained, we 
extend in section [2] a result of [TB] concerning the Hausdorff dimension 
of the limit set of iterated function schemes. The definitions and basic 
properties of Hausdorff measures and the Hausdorff dimension as well 
as iterated function schemes are recalled at the beginning of that sec- 
tion. The results of sections [2] and [3] are then combined in section H] to 
prove Theorem [TJ 

The function / constructed in Theorem [2] will be large inside a nar- 
row strip and bounded outside the strip. In section [5] we will give 
preliminary results for the construction, in particular we discuss some 
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results of Ahlfors pLj concerning conformal mappings of strips. The 
actual proof of Theorem [2] is then carried out in section [HI 

2. HAUSDORFF MEASURES 

We recall the definition of Hausdorff measure and Hausdorff dimen- 
sion; see the book by Falconer [16j for more details. 

A gauge function (or dimension function) is an increasing, continu- 
ous function h: [O,-?]) — )■ [0, oo) which satisfies h{fS) = 0, where t] > 0. 
For y4 C C and 5 > we call a sequence {Aj) of subsets of C a 6- cover 
of A if diam Aj < 6 for all j G N and 

oo 

Ac[JA,. 

i=i 

Here diam. A j denotes the (Euclidean) diameter of Aj. For a gauge 
function h we put 

{oo 
y^ h{diam Aj) : (Aj) is 5-cover of A 

and call 

H^iA)=^mHliA) 

the Hausdorff measure of A with respect to the gauge function h. 
Note that H^^A) is a non-increasing function of 6 so that the limit 
defining Hh{A) exists. It is possible that H^^A) = oo, meaning that 
Yl'jLi h^diaraAj) diverges for all (5-covers (Aj). Similarly, we may have 
Hh{A) = oo. Given gauge functions hi, /i2 and A C C, we have 

HhM) < HhM) if ^i(^) < ^2(t) for all small t. (2.1) 

In the special case that h{t) = t'^ for some s > 0, we call Hh{A) 
the s- dimensional Hausdorff measure. There exists (i > such that 
Hf {A) = oo for < s < (i and Ht^ {A) = for s > d. This value d is 
called the Hausdorff dimension of A and denoted by dim A. 

The following result ^^, Theorem 7.6.1] about the Hausdorff measure 
is known as the mass distribution principle. Here D{x,r) denotes the 
open disk of radius r around a point x G C. 

Lemma 2.1. Let h be a gauge function and ^4 C C // there exists a 
Borel probability measure /i supported on A such that 

^.^ M-P(^,^)) ^Q forallxeA, 
r^o h{r) 

then Hh{A) = oo. 

Let D G C he compact. A mapping T: D ^ D is called a contrac- 
tion on D if there exists c G (0, 1) such that \T{z) — T{w)\ < c\z — w\ 
for all z,w E D. Clearly a contraction is continuous. Let Ti, . . . ,Tm 
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be contractions on D. Then the family T = {Ti, . . . , T^} is called an 
iterated function scheme on D. It can be shown (see [IBl Theorem 9.1]) 
that there exists a unique non-empty compact set X d D which is 
invariant for the Tj, that is, which satisfies 

m 

X = [JT,{X). 

i=l 

Moreover, we have 



^=n U {T,,o...oT,:){F) 



n=lii,...,i„ 

for every non-empty compact set F C -D satisfying Ti{F) C F for all i. 
The set X is called limit set of the iterated function scheme T. 

The following result fi6\ Proposition 9.7] gives a lower bound for the 
Hausdorff dimension of the limit set of an iterated function scheme; 
see [ini Proposition 9.6] for an analogous upper bound. 

Lemma 2.2. Let D G C be compact and Ti, . . . ,Tm'. D ^ D be con- 
tractions. Suppose that Ti{D) fl Tj{D) = for all i j^ j and that for 
each i there exists hi e (0, 1) with 

\Ti{z)-T,{w)\>b,\z-w\ (2.2) 

Define s by 

m 

Then the limit set X of the iterated function scheme T = {Ti, . . . , T^} 
satisfies dimX > s. 

We need a version of Lemma 12.21 for sequences of iterated function 
schemes. Let (Tfc)^^^ be such a sequence, with T^ = {T^^i, . . . ,Tkmk}. 
Define the limit set X of (T^) by 

oo 

^ = n U iT,,,o...on,j{D). 

k=l l<ii<mi, 
l<l<k 

Lemma 2.3. Let D G C be compact, (Rk) a sequence of iterated func- 
tion schemes on D, with Rk = {Rk,i, ■ ■ ■ , Rk,mk}) 0''^d h a gauge func- 
tion satisfying (II. ip . Let X^ be the limit set of Rk- Suppose that, for 
all ken, 

(1) Rk,i{D)nRk,,{D) = (Dforif3; 

(2) for 1 < j < ruk there exists bkj G (0, 1) with 

2,^k,j > 1 o,nd \Rkj{z) — Rkj{w)\ > bkj \z — w\ for z,w G D. 
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Then there exists an increasing sequence {rii) of positive integers such 
that if (Tfc) is a sequence of iterated function schemes with 

Tke{Ri,..., Ri} for all k < Ui (2.3) 

and X is its limit set, then Hh{X) = oo. 

Remark. It is clear that the conclusion also holds for any increasing 
sequence (n^) satisfying n^ > rii for all i. We will use this fact later. 

Proof Let h{t) = t^+^^^\ By (dH) we have e{t) -^ as t -^ 0. We may 
assume that e is non-decreasing, since otherwise we can replace e{t) by 
maxo<s<i£^(s) and use (12.11) . Similarly, we may assume that e{t) -^ 
as t — )■ so slowly that with g{t) = t^*^*) and hence h{t) = tg{t) we have 

g{t) ^0 as t ^ 0. (2.4) 

By condition (2), the solution Sk of Ylij^^j — ^ satisfies 5^ > 1 for 
all k. Let an increasing sequence (nj) be given. We will show that (n^) 
has the required properties if it tends to infinity sufficiently fast. Let 
(Tfc) be a sequence of iterated function schemes satisfying (12.31) and let 
X be its limit set. If Tk = Rm, we set bkj = bm,j and Sk = Sm- 

By a standard argument, it is possible to construct a probability 
measure /i supported on X such that 

M(Ti,,o...oT,,J(Z}))=6-.^-...-6^^^. 
Note that since ^ ■ 6^*- = 1 for all k, we have 



fX 



( U (Ti,,o...oT,,J(D)j=L 



Assuming that (n,) tends to oo sufficiently fast, we will show that 
if X G X and r > is sufficiently small, then there exist /c e N and 
Pi, . . . ,Pk such that 

D{x,r) nXc (Ti,p, o . . .oTk,p,){D) (2.5) 

and 

M(Ti,,,o...oT,,,J(D))<ri+2^M. (2.6) 

Let 

dk =minmin dist{Tij{D),Tiji{D)). 

Rescaling if necessary, we may assume that dk < 1 for all k. Further, 
define 

ak = min min bi ,■ , 0k = niax max bi , , 7fc = niin s; , Sk = max Si . 
l<k j '■' l<k j '■' l<k l<k 

It follows from these definitions that the quantities am , /^m , Irn and dm 
depend only on i?i, . . . , i?j and not on the choice of the sequence {rii). 
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So we can choose (nj) such that 

To see that this condition can be satisfied we note that 7^^+! > 1, the 
denominator tends to -co if rii — )■ oo and the right side tends to 1 as 
nj — 7- oo. The latter statements follow since (/3„.)"' decreases to as 
nj — )■ oo (note that /3„- < 1). 

Now let r > be small and choose A; G N with 

fc+l k 

4+1 JJ h,pi < ^ < 4 JJ h,pv 
1=1 1=1 

where pi, . . . ,Pfc+i are the uniquely determined positive integers such 
that X e (Ti,p^ o . . . o Tk+i,p^^J{D). 

If (gi, . . . , gfc) 7^ (pi, . . . ,pfc) and y = (Ti,,^ o . . . o Tk,qjiw) for some 
w E D, v/e obtain with /cq = min{Z G {1, . . . , fc} : g; 7^ p^} that 

fc 

ly - x| > 6i,p, ■ . . . ■ 6fco-i,Pfco-i ■ 4o > 4 J]^ bi,pi > r, 

1=1 

so ([22D holds. 

Let i be such that rii < k < nj+i. By the choice of k we have 
1^ < dnX/^rii)"'' ■ Since e is a non- decreasing function, (12. 7p implies that 

^n 1 1 log(an , 1 4 j_i ) / X 

log r 
Multiplying this by logr and taking exponentials, it follows that 

By the definition of the quantities above, we have 
This implies that 

», \ 7fc+i 

so that 

fc fc+i 



^^m,,, o . . . o T,,,J(D)) = n b^p, = Ci^V. n ^i' 



1=1 1=1 



which is fl23D . 
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Using (12. 5p and (12. 6p we obtain jj,(D(x,r)) < r^+2^('') and thus 

u(D(x,r)) u(D(x,r)) ^,„,-^ , , 
^ , , '' = ^^ ,!; , < r"(') = g{r) -> as r ^ 
h{r) r^+e(r) - ^v / 

by ([23D- As this holds for all x G X, Lemma Oimphes that Hh{X) = 

oo. n 

The next lemma follows easily from the previous one. 

Lemma 2.4. Let h be a gauge function satisfying (11.11) . Let 

£) = {^ G C: < Re^ < 1, < Imz < 1} (2.8) 

and let {Pk)ken and {Qk)km be sequences of iterated function schemes 
on D, with 

Pk = {Pk,l, ■ ■ ■ , Pk,lk} (^''T'd Qk = {Qk,l, ■ ■ ■ , Qk,mk}- 

Suppose that 

(1) Pk,i{D) n PkAD) = for all k EN and i^j. 

(2) For k E N, 1 < i < Ik and I < j < nik, there exist bk,i,bk,j G 
(0,1) with 

Ik 

J]&M>1 (2-9) 

such that for z,w G D, we have bkA \z — w\ < \Pk,i{z) — Pk,i{w)\ 

and bk,j \z - w\ < \Qk,j{z) - Qk,j{w)\ . 
Then there exists an increasing sequence (rij) of positive integers such 
that withuQ = the limit set X of the sequence (Tk) of iterated function 
schemes defined by 

Pj for Uj^ + 1 < k < n,: — 1, 
^Qi fork = ni 

satisfies Hh{X) = oo. 

Proof. We have not assumed that Qk satisfies condition (1) of Lem- 
mas 12.31 and 12. 4[ But we may do so since otherwise we could work 
with Qk = {Qk,i} so that nik = 1, as this would make X smaller. In 
contrast, /fc > 2 by flXOj) . 

For k eN we put R2k-i = Pk and R2k = {PkY'' o Qk, where pk G N. 
Then the -R2/C-1 satisfy the hypotheses of Lemma 12.31 We claim that 
the i?2fc also satisfy these hypotheses if the pk are chosen large enough. 
The conclusion then follows from Lemma 12. 3[ 

Let I <j <mk and qi, . . . ,qp^ e {1, . . . , h}- Then 

\Pk,qp^ O . . . O Pfc g^ O Qk,j{z) - Pk,q^^ O . . . O P^g^ O Qk,j{w) \ 

Pk 

> bk,j n hqn \z - w\ =: Cj-q,,...,5^^ \z-w\. 

n=l 
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Since 

Yl Yl ^jm,-,g., = Y1 Yl ^^'i n ^^.'?" 

j = l qi,...,qp^^£{l,...,lk} i = l gi,-,gpfee{l,...,ifc} \ n=l 

Pk _/''=. \^'' 

qi,...,qp^e{l,...,lk}n=l \i=l J 

by fl2.9p if pk is large enough, the above claim follows. D 

Note that Lemma fI72\ implies that dim X > s whenever Yl^i M ^ ^■ 
The converse is not true in general, but it holds for some iterate of T if 
the maps in T are conformal on a domain containing D. Thus in this 
case condition (2) in Lemmas 12.31 and 12.41 is essentially equivalent to 
the statement that the corresponding iterated function schemes have 
limit sets of dimension greater than 1. 

We prove this result for completeness. 

Proposition 2.5. Let D G C be compact. Let Ti, . . . ,Tm'- D ^^ D he 
contractions that extend conformally to self-maps of some domain B 
that contains D. Suppose that the limit set X of the iterated function 
scheme T = {Ti, . . . , T^} satisfies dim X > s. Then, for large p E N, 
the iterated function scheme 

S = TP = {Ti^ o . . . o Tj^ : ii, . . . , ip G {1, . . . , m}} 

has the property that, for i = {ii, . . . ,ip) G {1, . . . , m}^ and Si = Ti^ o 
...oTi^, 

\Si{z) - Si{w)\ >bi\z-w\ for z,w eD, (2.11) 

with constants bi G (0, 1) satisfying ^^b^ > 1. 

Proof. It is clear that S = T^ and T have the same limit set X 
for all p G N. As the T^ extend to conformal self-maps of B, the 
same is true for the Si. Thus for all i there exist some constant 
bi G (0, 1) such that fl2.1ip holds. We define bi as the largest num- 
ber with this property. It can be deduced from the Koebe distortion 
theorem (Lemma 13. ip that there exists a constant K, depending only 
on the domain B, with Kbi \z — w\ > \Si{z) — Si{w)\ for all z,w E D 
and all i. Because dim X > s and the maps Si are contractions, we 
have limp_j.oo '^iidiam. Si{D)Y = 00. So for p large enough we obtain 

E, s ^ Y^ \Siiz) - Si{w)\' -r^ (diamS'i(L'))' 

_ '-^E^-f, (A-I.-H)- ^ I^ (A-d.a,n(J)). ^ °°- 

which proves the proposition. D 

The following simple lemma will be used in the proof of Theorem [H 

Lemma 2.6. Let h be a gauge function satisfying h{2t) < K h{t) for 
some K > and all small t. Let A C M" and /: A — )■ M" 6e Lipschitz- 
continuous. If Hh{A) < 00, then Hh{f{A)) < 00. 
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Proof. Let L be the Lipschitz constant of /; that is, \f{z) — f{w)\ < 
L\z — w\ for z,w G A. Choosing m G N with L < 2™ and putting 
C = K"'we have h{Lt) < C h{t) for small t. Let (5 > and let {B^) be 
a (5-cover of A. Then {f{Bj)) is an L5-cover of f{A) and 

^/i(diam/(Sj)) < ^ /i(Ldiam5j) < C^h{dia.mBj) 

3 J 3 

SO th^tHf^if (A)) <CHf,{A). n 

It follows that if /: A — )■ f{A) is a bilipschitz map, then Hh{A) < oo 
if and only if Hh{f{A)) < oo. 

3. Preliminaries for the proof of Theorem [T] 

For a function f E B we choose R > |/(0)| such that sing(/^^) C 
D{0,R) and put G = {z: \f{z)\ > R}, H = {z: Rez > log/?} and 
U = exp~^(G). Eremenko and Lyubich ^15l section 2] showed that 
there exists a holomorphic, 27ri-periodic function F: U ^ H with 
exp(F(2;)) = /(exp(2;)) for all z E U. We call F the logarithmic trans- 
form of /. Moreover, they showed that for every connected compo- 
nent V of U, the map F\v'- V ^ H is bijective and the inverse map 
(p: H ^ V satisfies 

\<P'M\ < —, (3.1) 

'^^ ^' - Rew-logi? ^ ^ 

for every w E H. In terms of F we obtain 

\F'{z)\>^{ReF{z)-logR) (3.2) 

for all z eU . In the sequel, we will assume without loss of generality 
that R = l. Let 

e = inf{Rez: zeU} = loginf{|C| : |/(C)| = R}- 

As in [9] we consider the function h: (^, oo) — ;■ (0, oo), 

h{x) = max ReF(z), (3.3) 

Ke z=x 

and choose Zx E U with Re^;^ = x such that h{x) = ReF{zx)- The 
function h is increasing and convex and thus differentiable except pos- 
sibly at a countable set C of x-values, and for x G (^, oo) \ C we have 

h\x)=F'{zx), (3.4) 

cf. [381 P- 2562]. Recalling that R= 1 and h{x) = ReF^z^) we deduce 
from ([22]) and ([S3D that 

h'(x) 1 , , 

Integration yields logh{x) > {x — ^)/{Att) and thus 

h{x) > 2x (3.6) 
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for large x. 

The following result is known as the Koebe distortion theorem and 
the Koebe one quarter theorem. 

Lemma 3.1. Let g: D{a,r) -^ C be a univalent function, < A < 1 
and z G D(a, Ar) \ {a}. Then 

1 V(a)l<^^^^^4^<7AT.I.»| 



(1 + A)2 '^ ^ ^' - \z-a\ - (1-A) 
and 

I / / \ I I / / \ I ^ I / / \ I 

(1 + A)3 '^ ^""^l - '^ ^"'^l - (i-A)3 1^ ^""^l • 
Moreover, 

g{D{a,r))^ D{g{a),\\g\a)\r). 

Usually Koebe's theorems are stated only for the special case that 
a = 0, r = 1, 5f(0) = and 5''(0) = 1, but the above result follows easily 
from this special case. 

For a G C and r > we define the square 

Sia, r) = {2; G C : |Re(2; — a) | < r, |Im(z — a) | < r}. 

Lemma 3.2. For sufficiently large x there exist m & N and pairwise 
disjoint domains Wi, W2, ■ ■ ■ , Wm C S{F{zx), \ ReF{zx)) satisfying 

j:diamiy,>10-^ (3.7) 

such that F^ is a univalent map from each Wj onto S{F{zx), \ ReF[zx)) 
whose inverse extends univalently to S{F{zx), |ReF(z^.)). 

Proof. Let be the branch of F^^ which maps F{zx) to Zx and let 

Px = <P{S{F{zx),\ReF{zx))). 

It follows from Koebe's theorem that 

D{zx,rx) C PxC D{zx,Rx) 

where 

and, by (13. Sp . 

Rx = 4 \ct>'{F{zx))\ ■ ^ ReF{zx) = 16r, = -^ < 47r (3.9) 

for X ^ C. In particular, P^. C if = {-z G C: Re^; > 0} for large x. For 

/c G Z we put 

dx,k = \4>'{zx + 27iik)\ , Vx,k = (t>{zx + 27rifc) and K,fc = 0(-P^ + 27rifc). 
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Then, since R = 1, 

Air Att 1 , , 

4,fc < 5 = — <— 3.10 

Ke Zx X Arc 

for large x by (13. II) . Again by Koebe's one quarter and distortion 
theorems, 

D{vx,k,tx,k) C \4,fc C D{vx^k,Tx,k) (3.11) 

where 

^x,fc ^ ~7(^x,k'^x 1'^--'-^) 

and 

-'- x,k ^(^x,k-^x -L-^Ot-XjA:- 

By ([M]) and fl330D we have 

T.,, < 2-47r = ^ < 1 (3.13) 

X X 

for large x. Koebe's distortion theorem and (13.101) also yield that 

\vx,k+i - '"x,k\ < 47r(i^,fc < < 1 (3.14) 

X 

for large x. It is easy to see that Rev^^k — J-ooasA;— T-ooorA;— )■ — oo. 
On the other hand, for large x there also exists /cq G Z such that 

Rev^^ko <x<- ReF{zx). 

Let 

fci = max I A; G Z: ReVx,k < 4^(2;) + l} 
and 

^2 = minJA; G Z: k > ki and Ref^^^fc > |^(3;) ~ l} • 

For A;i < A; < A;2 we then have |/i(a;) + 1 < ReVx,k < 4^(2;) — 1 and 
thus 

K,fc C {z G C: |/i(x) < Re^ < |/i(x)} 
by fl3lTD and fl3:T3D . Now 

. fc2-i 

-h{x) - 2 < Ret;a;,fc2 - Ref^,fei = ^ (Refa;,A;+i - Refx,fc) 

k=ki 

k2-l ^2-1 ^2-1 

< ^ \vx,k+i - Vx,k\ < 47r ^ dx,k < 47r ^ 4,^ + 1 

k=k\ k=ki k=ki+l 

by fIXTU]) and (EH]). Hence 

fc2 — 1 fc2 — 1 -| fc2 — 1 

^ diam(\4,fc) > 2 ^ t^^k = ^r^ ^ 4,fc 

fc=fci+l fc=fci+l A:=fci+1 



(3.15) 



1 A,, , \ /l(x)2 

> — r,. -hix) - 3 > ^ ^ 



(3.16) 



vr vz / LO-^ti'ix 



lO^h' 
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by dSSD, dSHD, dSm and (IXT^ . We now put 

N^= — (-h(x) - 
[27r V2 

Then 

N. > ^h{x) (3.17) 

for large x. For ki < k < k2 there exists Ij. ^ Z such that if /fc < ^ < 
Ik + N^, then 

t;,,fc + 2rf G 5(F(z,), i Re F{z,) - 1) 

and hence 

V,,k + 2'KU C S{F{z,),lReF{z,)) 

by (13. lip and (I3.13p . We now put m = {k2 — ki — l)Nx and denote by 
Wi, . . . , Wm the collection of the sets V^^k + 27r2/ where ki < k < k2 
and lk<l <lk + N^. We deduce from fl3^ and flHrTTj) that 



20 103/i'(x) - h'{x) ' 



ydiamWj = N, y diamV^k>-^^- T! , > 10 



To prove that the inverse function of F^: Wj — )■ S{F{zx), \ReF{zx)) 
extends univalently to S{F{zx), ^ReF^z^)) we only note that the ar- 
gument showing that P^ G H for large x actually yields that 

(j){S{F{z,),lReF{zx)))cH 

for large x. D 

The following growth lemma for real functions is well known, but for 
completeness we include the short proof. Usually it is stated for differ- 
entiable functions, but it also holds for absolutely continuous functions. 
Note that such functions are differentiable almost everywhere. 

Lemma 3.3. Let g: [a;o, C)o) — > M fee an increasing, absolutely contin- 
uous function satisfying lim^._^oofi'(a^) = oo. Let 6 > 0. Then there 
exists a measurable subset E of [xq, oo) having finite measure such that 
g'{x) < g{xy~^^ for x ^ E. 

Proof. Suppose that E = {x > xq: g'{x) > g{xy^^ > 1} 7^ 0- Then 
f g\x) ^ r g\x) ^ 1 , 1 ^ 

where Xi = inf E. D 

We apply Lemma [3731 to the function h defined by (13.31) . Given e > 0, 
we deduce from (13.71) that, in the situation of Lemma [3.21 



y^ diam Wj > h{x) 



2-£ 
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for X outside some set of finite measure. We summarize the above 
results as follows. 

Lemma 3.4. There exist Xq > and a subset E of [a;o, C)o) of finite 
measure with the following property: if x E [xo,oo)\E, then there exist 
m G N and pairwise disjoint sets Wi, ...,Wm C S{F{zx),^ReF{zx)) 
satisfying 

m 

^diamiy,- >/i(x)^/^ (3.18) 

i=i 

such that F"^: Wj — )■ S{F{zx),\ReF{zx)) is a conformal map whose 
inverse extends univalently to the square S{F{zx),\RqF[zx))- 

4. Proof of Theorem [T] 

By (11. ip we have h{t) = ti+'^(*) where e{t) -> as t -> 0. Similarly 
as at the beginning of the proof of Lemma 12. 3[ we can assume without 
loss of generality that e is positive and non-decreasing. Let F: U ^ H 
be the logarithmic transform of / as defined in section [31 The set 
corresponding to Esc(/, (pn)) is the set 

Z = {z eU: ReF"(2;) -^ oo,ReF"(2;) < logp„ for large n}. 

Note that exp Z C Esc(/, (pn))- We will show first that there exists a 
bounded subset Y oi Z satisfying Hh{Y) = cxd. From this we will then 
deduce that Hh(Esc{f, (pn))) = oo. Our main tool in the proof will 
be Lemma 12.41 so we have to construct a sequence of iterated function 
schemes. 

Let Xo and E be as in Lemma [3.41 Since E has finite measure, there 
exists M > xq with meas(i? fl [M, oo)) < |. So we can find a sequence 
(xk) with xi > M, xi ^ E and 

Xk e [h{xk-i), h{xk-i) + 1] \ -E for A; > 2. 

It follows from (13. 6 p that x^ — > cxd if xi is chosen large enough. Let 

Sk = S{F{zx,)^,ReF{zx,)) = S{F{zx,)^,h{^k)). 

Let VFfc,i, • • • , Wk,ik be the sets obtained from Lemma [3^ The maps 



Pk, = (F 



'2 I 



W, 



k,3 > 



define an iterated function scheme Pk on Sk- By conjugating Pkj with 
the affine map Lk that sends Sk to the square D defined by (12.81) we 
obtain an iterated function scheme Pk = {Pk,i, ■ ■ ■ , Pk,ik} on D. In 
other words, we define Pkj = Lk o Pkj o L^^ with Lk'. Sk ^^ D, 

Lkiz) = — — -(z - F(zx^) H h -. 

''^ ' h{xk) ' 2 2 
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Further, we have maps Q^j '■ S^+i — )• V^j C Sk which are inverse 
branches of Flv;, ., for 1 < j < rrifc. Setting 

Qk,j = Lk o Qk,j ° -^fc+i 

defines an iterated function scheme Qk on D. It is obvious that con- 
dition (1) from Lemma 12.41 holds. It remains to verify condition (2). 
Since all the maps Pk^i and Qkj can be continued univalently to a 
square with twice the side length of Sk resp. 5*^+1, the existence of 
positive numbers bk^i and bkj with b^^i \z — w\ < \Pk^i{z) — Pk^i{w)\ and 
bkj \z — w\ < \Qk,j{z) — Qkjiw)] follows immediately from the Koebe 
distortion theorem (Lemma 13. ip . For the proof of (12. 9p . we will use 
(I3.18p . First note that, again by the Koebe distortion theorem, there 
exists an absolute constant i^ > with 

~ ^ \Pk,iz) - Pk,iw)\ ^i 
Kbk,i > . . > bk,i. 

\z — w\ 

Choosing zo,Wo E D with 

\Pk,i{^o) - PkA^o)\ = inax \PkA^) - Pk,ii^^' 






we obtain 



T^l ^ \Pk,i{^) - Pk,i{^)\ ^ \Pk,i{zo) - Pk.i{wo)\ 
J^Oki ^ sup j j > j '- 

z,w&D \Z-W\ \Zo-Wq\ 



Pk,i{^o) - Pk,ii'^o)\ /-diamVT^ 



y K k,i\.'^0) - -> k,iK^O)\ ^ /^ 



k,i 



SO 



s'^Pz,weD\z-w\ h{xk) 

^ (XmmWkA 



h{xk) 
for some absolute constant C. Using (I3.18p . we obtain 

if Xi was chosen large enough at the beginning. By Lemma 12.41 there 
exists an increasing sequence (nj) such that the limit set X of (T^), 
where Tk is defined as in (I2.10p . satisfies Hh{X) = oo. 

Put Y = L^^{X). By increasing (nj) if necessary, we can achieve 
that ReF'^(z) < logp^ ii z & Y and k is large enough. We also have 
ReF"(z) — i- oo as n — )■ oo for 2 G y. To see this, let z = L^^{w), 
where w E X. Let A; G N and put ik = max{i: Ui < k}. Then 

Since ik ^ oo and max2g5j,Rez — t- oo as A; — t- oo, we can deduce 
from this that Re F^'^"*'^ (2) — )■ 00 as /c — )■ 00, from which we can easily 
deduce that ReF"(2;) — ;■ 00 as n — )■ 00. Altogether we thus have 
Y C Z. 
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Since Hh{X) = oo and infinite Hh-measure is invariant under affine 
mappings for any gauge function h, we have Hh(Y) = oo. In order to 
deduce that Hh(Esc{f, (pn))) = oo we use Lemma flM Recall that 

exp Y CexpZ C Esc(/, (p„)). (4.1) 

Since Y is bounded and Hh{Y) = oo, there exists yo eM. with 

Hh(Yn{z: Imzeivo, yo + 7r)}) = 00. (4.2) 

Noting that e is non-decreasing, we also see that 

h{2t) = 2t ■ (2t)^(2*) < 3t ■ t"(2*' < 3t ■ t"(*) = 3h{t) 

for small t. Since exp restricted to Y n {z: Im^; G {yo,yo + tt")} is a 
bilipschitz mapping. Lemma [2.61 and (14. 2 p yield 

if/j(exp(Fn{z: Im^; G (yo, 2/o + tt)})) = 00. 

An application of (14. ip finishes the proof. D 

Remark. The result of [4j yields a sequence {Sk) of squares tending to 
00 and associated iterated function schemes Pk as in the above proof. 
Lemma 13.41 yields additional information about the "density" of such 
squares. However, this is not essential for the argument, since otherwise 
we could replace the Qk,j by inverse branches of some iterate of F. 

5. Preliminaries for the proof of Theorem [2] 

The function / will have the property that it is bounded outside a 
narrow strip. There is a well-established technique to construct such 
functions using contour integrals, cf. [231 Chapter III, Problems 158- 
160], |32], |36] and, in particular, |26]. In order to apply this method 
we need some estimates concerning conformal mappings of strips. Let 
f2 be a domain of the form Q = {x + iy: \y\ < (pix)} with some non- 
negative function 0: M — t- M and let w: Q ^ {x + iy: \y\ < vr} be a 
conformal map satisfying w{x) — )■ ±00 as a; — ?■ ±00. Put 

H{x) = sup Rew{x + iy) and H_{^x) = i^f Hew^x + iy). 

\y\<4:(x) \y\<4>{x) 

The celebrated Ahlfors distortion theorem [H §2], specialized to strips 
of the above form, says that 

H{x2)-H{xi)>7i TTT-Sn if/ -^ > 4. 



Xi VV-^j Jxi ^{•^J 



We mention that Ahlfors denoted the "width" of a cross section (of 
more general strips) by 6{x). In our setting we have 6{x) = 20(x). 

Ahlfors [H §3] also proved an inequality in the opposite direction, 
provided that satisfies some regularity conditions. (It is easy to see 
that some additional hypotheses are necessary for such estimates.) 

Suppose that is bounded, continuous and of bounded variation on 
every finite interval. Following Ahlfors we denote by 0m (2^1, ^2) the 
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minimuin of and by V{xi, X2) the total variation of 0^ in the interval 
[xi,X2]. Noting that w extends continuously to dG, with dG being 
mapped bijectively onto {x + iy: \y\ = n}, we put 

X = Re w~^ (H (x) + in) and x = Rew~^{H_{x) + in). 

With L = sup2.g]g (f){x) Ahlfors's result [H p. 15] then takes the form 



H{x2)-H{xi)<n —- + 8nL 



il , V , 0m(Xi,X2)4 



Suppose in addition that (p is decreasing. Then this simplifies to 

dx , o r2 0fe)^ 



H{X2) - H{x,) <n -^ + SttL^ 

J x^ H^\X) 



0(2:2)^ 



^2 dx SttL^ 



(5.1) 



0(x) ^(xs) 
Ahlfors pj p. 15] also showed that 



^1 dx r^"'^ dx 

4^ < 8 and / ^< 



IX) 7^2 </>ia;j 



This implies that 8 > (x2 — X2)/(f){x2) and hence 

^2<a;2 + 80(x2). (5.2) 

We will also assume that (f){x) < 1/x for large x. Assuming that 
X]^ > we can now deduce from (15. ip and (15. 2p that 

H{X2) - H{x,) < n-^ + -—J < -—J < 



{X2) 0(X2)4 - 0(X2)4 - 0(X2 + 80(X2))4 

for large X2. For us only the case where Xi is fixed and x = X2 — )■ 00 is 
of interest. We obtain the following result. 

Lemma 5.1. Let (p: M. ^ M. be a positive, bounded, continuous and 
decreasing function satisfying 0(a;) < 1/x for large x. Let 

w: {x + iy: \y\ < (p{x)} — )■ {x + iy: \y\ < n} 

be a conformal map satisfying w{x) — )■ ±00 as x —^ ±00. Then there 
exists a constant C such that 

C 
sup Rew{x + iy) < 



\y\<4>(x) 0(x + 80(x))4 

for all large x. 

Let be as above and put 

S = {x + iy: X > 0,\y\ < (j){x)}. (5.3) 
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The method of contour integrals described in the papers mentioned 
above consists of defining a function / by 

27rz Jos C- z 

for z G C\S and analytic continuation of / to the whole plane by 
deforming the path of integration. The results of Rempe j26[ Theo- 
rem 1.7] imply the following lemma. 

Lemma 5.2. Let and w be as in Lemma lSAl and define S by (15. 3[) . 
Then there exists f E B satisfying 

_ f exp (e"'^^)) + 0{l/z) for z e S, 
■'^^' ~ \o{l/z) forz^S. 

It follows from Lemma EH] that the function / in Lemma \^72\ satisfies 

for some C > if |2;| is large. Replacing / by ef with a small constant 
e we may assume in addition that 

sing(ri) c{zeC: \z\<l}, (5.5) 

1/(^)1 < I for \z\ < 1 (5.6) 

and 

|/(z)| < Ifor^^^. (5.7) 

It is apparent from the above discussion that the behavior of (f){x) as 
X — )■ —00 is irrelevant for our purposes. In fact, it suffices to define 
the function on an interval [xq, 00), as it can be continued to R by 
setting (j){x) = 4>{xo) for x < xq. We shall use the following result to 
define the function 0. 

Lemma 5.3. Let a: [a;o, C)o) — )■ (0, 00) be decreasing and continuous 
and let /3: (0,1] — ?■ (0, 00) be increasing and continuous. Then there 
exists a decreasing, continuous function (p: [xq, C)o) — )• (0,1] satisfying 
(f){x + a{x)) < /3(0(x)) for large x. 

Proof. We may assume that the function a given by a{x) = x + a{x) is 
increasing as this can achieved by replacing a by a decreasing, contin- 
uous function a*: [xo,oo) — )■ (0, 00) satisfying a*{x) < a{x) for all x. 
Similarly, we may assume that (3{x) < x for all x. We now define 
in the interval [xo,cr(xo)] by 0(xo) = 1, 0(cr(xo)) = /3(0(xo)) = /3(1), 
and linear interpolation in {xo,cr{xo)). For /c G N we extend this to 
the interval {a^ (xq) , a'^^^ (xq)] by putting (p{a''{x)) = [5^{4){x)). Since 
a^'(xo) — 7- 00 as A; — )■ 00, this defines a decreasing, continuous function 
0: [xo, 00) — !■ (0, 1] satisfying 0(x + a{x)) = f3{(j){x)). D 
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We will also use the following result known as the Besicovich covering 
lemma [121 Theorem 3.2.1]. Here B{x,r) is the open ball of radius r 
around a point x G M". 

Lemma 5.4. Let i^ C M" be bounded and r: K -^ {0, oo) . Then there 
exists an at most countable subset L of K satisfying 

K C [JB{x,r{x)) 

such that no point in M" is contained in more than 4^" of the balls 
B{x,r{x)), X & L. 

The following result is a simple consequence of the Besicovich cover- 
ing lemma; see |6i Lemma 5.2] for a similar result concerning Hausdorff 
dimension. 

Lemma 5.5. Let K cM."' and let h be a gauge function. Suppose that 
for all X E K and e > there exists 6{x) G {0,e), N{x) G N and balls 
i?i, . . . , Bjq(^x) such that 

N{x) N{x) 

K n B{x, 5{x)) C IJ Bj and ^ h{<\mmBj) < e6{x)''. 

3=1 3=1 

Then Hh{K) = 0. 

Proof. We may assume that K is bounded, say K C B{0,R). Let 
e > 0. For a; G K, let 5{x) G {0,e),N{x) G N and Bi{x),. . . ,Bn(^^){x) 
be as given in the hypothesis. Let L be as in Lemma 15. 4[ Then 

{Bj{x): X eL,l<j <N{x)} 

is an open cover of K. We may assume that diam Bj{x) < 26{x) < 2e 
for a; G L and 1 < j < N{x). Moreover, 

N{x) 
x£L j=l x£L 

where a;„ is the volume of the unit ball in MJ^. Thus 

and the conclusion follows. D 

6. Proof of Theorem [2] 

Let (pn) and h be as in the hypothesis. First we note that if p„ > qn 
for large n, then Unb(/, (pn)) C Unb(/, (qn)) and thus 

Hf,{\Jnh{f, (p„))) < i7^(Unb(/, (g„))). 

Hence it is no loss of generality to assume that 

6 

Pn < n and p„ - Pn-i > -^ (6.1) 
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for large n, since otherwise we could pass to the sequence (g„) defined 
by 

v^ 1 



g„ = minjn, inf pfc} +6 > — - 

*■ k>n ' ^ — ^ /e^ 



fc=l 

which has the above properties and satisfies qn <Pn- 

We write our gauge function h in the form h{t) = tg{t). Then f ll.2p 

says that g{t) — )■ as t — ?■ 0. By (12. ip we may assume that g is 

increasing and satisfies g{t) > t for all t, since otherwise we could 

replace g\t) by t + sup^<i 5f(s). 

We consider the function r : (0, 1] — )■ (0, oo), 

i / / 1 X X X lA 



^(^) = ( 7 exp ( - exp J ^5 

We apply Lemma [5.31 to the function /3 = g^"^ o r and to a decreasing 
function a: [pi,cxd) — )■ (0,1/4] satisfying a(a;) < l/n? for a; > p„_i 
and n > 2. For example, we may define a by putting a{pn-i) = V"-^ 
and interpolating linearly in the intervals [pn-i-,Pn\ for n > 2. We now 
choose 0: [pi, oo) — ;■ (0, 1] according to Lemma [5.31 and obtain 

g{(t){x + — \\<T{(t){x)) ioix>Pri~i. (6.2) 

Since g{t) >t this implies, together with (16. ip . that 

0(Pn) < 9{(p{Pn)) < r{(p{Pn-l)) < ^0(Pn-l) 

and thus 

<PiPn) < ^ (6.3) 

by induction. Combined with (16. ip this yields 0(n) < 4~" < (n + 1)~^ 
so that 



{^)<^<- (6.4) 



x^ X 



for X > pi. Thus satisfies the hypotheses of Lemma [5.11 and we may 
choose f & B according to Lemma [F^ As mentioned after Lemma [521 
we may assume that (I5.4p - (l5.7p hold. 

Fix ^ G Unb(/, (pn)) and e > 0. In order to apply Lemma 15. 5[ 
we have to show that there exist 6{^) G (0, e) and a positive integer 
iV(0 such that D{^, 5(0) n Unb(/, (p„)) can be covered by N{^) disks 
Di, . . . , Dn{^) such that 

J2 ^(diam Dj) < e 5{if. (6.5) 



ir(OI >^ + „ max 1/^(01 . 
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In order to show that such 6{^) and N{C,) exist we note first that there 
exist arbitrarily large n with 

\nO\>Pn and \r{^)\>^ + jnax \f{0\. (6.6) 

Indeed, since (|/'"(OI)mGN is unbounded, there exist arbitrarily large 
m such that 

6 

m^ 0<A:<m-l 

For m with this property we take 

n = min{A; eN: k > m and |/'^(0| ^ Pk}- 
Then n satisfies fl6.6p . For such n we put 

tn = \rm-^, sn = \rm-^ and r„ = ir(oi-^. (6.7) 

Then 

_ 5 

and thus 

gmn)) < T{ct>{Sn)) (6.8) 

by (16. 2p . Moreover, (16.31) yields 

0(t„) < </)(s„) < </)(r„) < -L < 1 < 1, (6.9) 

4" ^ n n 

Put 

•'n ''n ■'n n 

and let Q„ = S{f"'{^), 1/n^) be the square of side length /„ centered at 
f"'{^)- We can cover Q„ fl 5 by A^„ squares of side length 0(t„), where 
5* is given by (15.31) and 

iV„ < J^. (6.10) 

Put 

1 

We deduce from (15. 5p and (15. 6p that, for large n, the branch of the 
inverse function of /" which maps /""(^ to ^ extends univalently to a 
square centered at /"(O which has twice the side length of Qn- Koebe's 
distortion theorem now shows that, for certain absolute constants ci 
and C2, which in fact could be determined explicitly, we can cover 
D{i,CiPnln) n f~'^{S) by Nn disks Di, . . . ,Diy^ of diameter at most 
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C2Pn(p{tn)- Using f l5.6p and (15.71) we see that D{^, Cip„/„) nUnb(/, (pk)) 
is covered by these disks. We have 

y~] h{diam Dj) < A^„/l(c2P„(/)(t„)) = NnC2Pn(t){tn)g{c2Pn(t){tn)) ,^ ^ ^ , 
< 2C2pJng{c2Pn(p(tn)) 

bydSIDD. 

Put 6n = Cipnln- K is easy to see that p„ — )■ and thus 5„ — )■ 0. 
We will show that ([S3]) holds for 5(0 = <5n and N{^) = N^ \i n is 
sufficiently large. In order to do so we note that, by (16.111) . it suffices 
to show that 

'2C2pnln9{c2p{n)(t){tn)) < £ S^, 

which, by the definition of 6n and /„, is equivalent to 

g{c2pn(t>{tn)) < ^ " = -^Pn- 
2C2lnPn C2n^ 

Since p„ — )■ we have C2Pn < 1 for large n and thus it suffices to show 
that 

gmn)) < ^Pn (6.12) 

for large n. To estimate p„ we note that 

1 

Pn 



m=o\nnm 

by the chain rule. Cauchy's integral formula implies that 
max|/'(z)| < max|/(z)| 

|2|<r R — r \z\<R 

for < r < i?. Since 

\f{0\ < \nO\ -^< rn - ^ for < A; < n - 1 
by (16. 6p and (16. 7p . we deduce from (15. 4p that 

|/'(/''(0)| < n^ max \f{z)\ < n^exp ( exp ^ 



\z\=rj-" ^'- "V "V0(r„ + 80(r„))4 

Now (16.91) says that n^ < l/0(s„,) and (16.91) also yields that 



(^") ^ i;^ ^ ;^ = ^" - ^- 



and hence r„ + 80(rn) < s„ for large n. We conclude that 
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provided n is sufficiently large. We obtain 



P„>(0(.„)exp(-exp(^))) 



n I YK-^n 



Sn) ( /I 



4 exp — exp 



4 V ^nSn 



\5 



Using dSSD we obtain p„ > 4"r(0(s„)) > 4"5f(0(t„)) which implies JKT^ 
for large n. 
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